PURE BRAID GROUPS ARE NOT RESIDUALLY FREE 
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Abstract. We show that the Artin pure braid group P,j is not residually free 
for n > 4. Our results also show that the corank of Pn is equal to 2 for n > 3. 



1. Introduction 

A group G is residually free if for every x ^ 1 in G, there is a homomorphisin 
/ from G to a free group F so that f{x) 7^ 1 in i^. Equivalently, G embeds in a 
product of free groups (of finite rank). Examples of residually free groups include 
the fundamental groups of orientable surfaces. In this note, we show that the Artin 
pure braid group, the kernel P„ = ker(i?„ S^) of the natural map from the 
braid group to the symmetric group, is not residually free for n > 4. (It is easy to 
see that the pure braid groups P2 and P3 are residually free.) We also classify all 
epimorphisms from the pure braid group to free groups, and determine the corank 
of the pure braid group. For n > 5, the fact that P„ is not residually free was 
established independently by L. Paris (unpublished), see Remark 

For n > 3, the braid groups themselves are not residually free. Indeed, the only 
nontrivial two-generator residually free groups are Z, Z^, and F2, the nonabelian 
free group of rank two, see Wilton jWilOSj . Since i3„ can be generated by two 
elements for n > 3, it is not residually free. (For n = 2, i?2 = Z is residually free.) 

If G is a group which is not residually free, then any group G with a subgroup 
isomorphic to G cannot be residually free. Consequently, the (pure) braid groups 
are "poison" groups for residual freeness. In particular, a group with a subgroup 
isomorphic to the 4-strand pure braid group P4 or the 3-strand braid group B3 is 
not residually free. Since P4 < P^ for every n > 4, our main result follows from 
the special case n = 4. Moreover, the same observation enables us to show that a 
number of other groups are not residually free. These include (pure) braid groups of 
orientable surfaces, the (pure) braid groups associated to the full monomial groups, 
and a number of irreducible (pure) Artin groups of finite type. 

This research was motivated by our work in |CFR10| §3], which implies the 
residual freeness of fundamental groups of the complements of certain complex hy- 
perplane arrangements. In particular, the proof of the assertion in the last sentence 
of [CFRlOl Example 3.25] gives the last step in the proof of Theorem 14.21 below . 

2. Automorphisms of the pure braid group 

Let Bn be the Artin braid group, with generators ui, . . . , (T„_i and relations 
(TiCri_|_i(Ti ~ (7i+i(Ti(Ti+i for 1 < i < n — 2, and ajai — UiGj for |j — j| > 2. The Artin 
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pure braid group P„ has generators 



and relations 



(2.1) A^jAj A,, J, — < 



A^ j if i < r < s < 

A^ j if r < s < i < j, 

A^^^A^^^A-] \ir<s = i<3, 

Ar,jA^,jA^,jA-]A;] \ir = i<s<j, 



where [w, v\ = uvu'^v^^ denotes the commutator. See, for instance, Birman [Bir75j 
as a general reference on braid groups. It is well known that the pure braid group 
admits a direct product decomposition 

(2.2) Pn = Zx P^/Z, 
where Z — Z{Pn) Z is the center of P„, generated by 

(2.3) Z„ = (Ai,2)(Ai,3A2,3) • • • {Ai,, ■ ■ ■ An-l,n)- 

Note that P3 = Z{P^) x P^/Z{P^) ^ Z x i^2, where F2 is the free group on two 
generators. For any n > 3, by (12. 2p . there is a split, short exact sequence 

(2.4) 1 ^ tv(F„) -> Aut(P„) ^ Aut(F„/Z) ^ 1, 

where the subgroup tv{Pn) of Aut(P„) consists of those automorphisms which be- 
come trivial upon passing to the quotient Pn /Z . 

For a group G with infinite cyclic center Z = Z{G) = (z), a transvection is an 
endomorphism of G of the form x 1— ?> where t: G — >■ Z is a homomorphism, 

see Charney and Crisp |CC05j . Such a map is an automorphism if and only if its 
restriction to Z is surjective, which is the case if and only if 2: 1— > 2 or z 1— > z~^, 
that is, t{z) = or t{z) = —2. For the pure braid group P„, the transvection 
subgroup tv(P„) of Aut(P„) consists of automorphisms of the fo 
where ti j e Z and ^ti j is either equal to or —2. In the former case, Z„ 1— 
Zn, while Zn I— Z~^ in the latter. This yields a surjection tv(P„) — >■ Z2, with 
kernel consisting of transvections for which J2 = 0- Since P„ has (2) = + 1 
generators, this kernel is free abelian of rank A^. The choice ^1.2 = —2 and all 
other tij = gives a splitting Z2 — ^ tv(P„). Thus, tv(P„) = Z^ x Z2. Explicit 
generators of tv(P„) are given below. 

For n > 4, Bell and Margalit jBM07| show that the automorphism group of the 
pure braid group admits a semidirect product decomposition 

(2.5) Aut(P„) ^ (Z^ X Z2) X Mod(S„+i). 

Here, x Z2 = tv(P„) is the transvection subgroup of Aut(P„) described above, 
§„+i denotes the sphere with n + 1 punctures, and Mod(§„+i) is the extended 
mapping class group of S„+i , the group of isotopy classes of all self-diffeomorphisms 
of Sn+i- The semidirect product decomposition ()2.5p is used in }Cohll] to deter- 
mine a finite presentation for Aut(P„). From this work, it follows that Aut(P„) is 
generated by automorphisms 

(2.6) ^, (1 < fc < n), V, (/-p,, {l<p<q<n, {p,q}^ {1, 2}), 
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given explicitly by 

'a. 



■A 



AiJ-1 

A^^ A A 
Aii 



if fc = i — 1, 
if fc = i < 7 — 1, 

if fc = j — 1 > for 1 < fc < n — 1, 
if A: = j, 
otherwise, 



(2.7) 



Aij I— > 



{Ai_nAi^i ■ 

Ai_^ 



A, 



if i = 1 and j = 2, 
otherwise, 

if z = 1 and j = 2, 
if i ~ p and j — q, 
otherwise. 



if j = n, 



It is readily checked that these are all automorphisms of P„ . The automorphisms 
and 4>p,q are transvections. For k < n~l, /3k £ Aut(P„) arises from the conjugation 
action of i?„ on P„, PkiAij) = '^k^^i.j'^k^ Dyer and Grossman |DG81j . 

Remark 2.1. The presentation of Aut(P„) found in [ Cohllj is given in terms of 
the generating set e, ojk {I < k < n), tp, (pp^^ {I < P < q < n, {p,q} ^ {1,2}), 
where ^ = e o ■(/;, ^2 = W2 o ^j^g, = tUnOipo „ o (/)2_„, and = Wfc for k ^ 2,n. 
This presentation exhibits the semidirect product structure (|2.5p of Aut(P„). 

3. EpIMORPHISMS to FREE GROUPS 

We study surjective homomorphisms from the pure braid group P„ to the free 
group Fk on k > 2 generators. Since P2 = Z is infinite cyclic, we assume that 
n > 3. We begin by exhibiting a number of specific such homomorphisms. 

Let P2 = {x, y) be the free group on two generators, and write [n] = {1, 2, . . . , n}. 
If / = {«, j, fc} C [n] with i < j < k, define // : P„ P2 by 



(3.1) 



if r — i and s — j, 
if r — i and s — k, 
if r = j and s = k, 
otherwise. 



If / = {i, j, fc, 1} C [n] with i < j < k < I, define // : P„ — > P2 by 



(3.2) 



//(A,s) 



X 


if r = i and s 




V 


if r = i and s 


= k, 


y^^x^^ 


if r = j and s 


^k, 


y^^x^^ 


if r = i and s 


^l, 


xyx^^ 


if r = j and s 


^l, 


X 


if r — k and s 


= 1, 


.1 


otherwise. 
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In either case p.ip or p.2|) . note that // is surjective by construction. It is readily 
checked that // is a homomorphism. We wih show that these are, in an appropriate 
sense, the only epimorphisms from the pure braid group to a nonabelian free group. 

Remark 3.1. The epimorphisms // : P„ — > F2 are induced by maps of topological 
spaces. Let 

^^(C, n) = {(zi, . . . , z„) e C" I 2, ^ if I ^ 3} 

be the configuration space of n distinct ordered points in C. It is well known that 
Pn — 7''i(-F'(C, n)) and that F(C, n) is a K{Pn, l)-space. 

For a subset / of [n] of cardinality k, let pi : F{C, n) — > F(C, k) denote the 
projection which forgets all coordinates not indexed by /. The induced map on pure 
braid groups forgets the corresponding strands. Additionally, let g„ : -F(C, n) — 
F(C,n)/C* denote the natural projection, where C* acts by scalar multiplication. 
In particular, gg : F(C, 3) F(C, 3)/C* ^ C x (C \ {two points}). Finally, define 
5:F(C,4)^i^(C,3)by 

9{ZI,Z2,Z3,Z4) = ((Zi +Z2- Z3~ Zif, [Zi + Z3 - Z2 - ^4)^, (zi + Z4 - Z2 - ^3)^). 

One can check that if |/| = 3, then // = (gaop/)*, while if |/| = 4, // = (qsogopi)*- 
In the case n = 4, F{C, n) is diffeomorphic to Cx M, where M is the complement 
of the Coxeter arrangement A of type D3. With this identification, the mappings 
Pi and g correspond to the components of the mapping constructed in [CFRlOi 
Example 3.25]. The map g is the pencil associated with the non-local component 
of the first resonance variety of H*{M; C) as in |LYOO[ |FY07| . see below. 

One can also check that the homomorphism g^: — ^ P3 is the restriction to 
pure braid groups of the famous homomorphism B4 of full braid groups, 

given by cji 1— !■ cti , (72 cr2 , era . 

Let G and H be groups, and let / and g be (surjective) homomorphisms from 
G to H. Call / and g equivalent if there are automorphisms € Aut(G') and 
ip e Aut(iJ) so that g o (/i = -0 o /. If / and g are equivalent, we write / ~ g. 

Proposition 3.2. // / and J are subsets of [n] of cardinalities 3 or 4, then the 
epimorphisms fi and fj from P„ to F2 are equivalent. 

Proof. If n 3, there is nothing to prove. So assume that n> 4. 

Let / — {ii, . . . , iq} C [n] with q > 2 and ii < i2 < ■ ■ ■ < iq. Define a/ G i?„ by 

where a^i^^i • • • (7^ = 1 if = fc. Then aJ^A^^ ^^a^ = A^ ^ ioi \ < r < s < q. 
This can be seen by checking that, for instance, the geometric braids ajA^^aJ^ 
and Ai^^ i^ are equivalent. Denote the automorphism Ai j 1— > aJ^A^^aj of P„ by 
the same symbol, 

ai = • • •/3i)(/3.,-i • • • /32) • • • • • • /3g) G Aut(P„). 

Then, ai{Ai^^iJ = Ar^s for 1 < r < s < q. 

If / has cardinality 3, then, by the above, we have // = /[3] o ai, so fi ^ f^^y 
Similarly, if |/| = 4, then // = /[4] o ai and // ~ /[4]. Thus it suffices to show 
that // ~ /[3] for some / with |/| = 4. This can be established by checking that 
// = /[3]°/3n for/ = {1,2,3, n}. □ 
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Remark 3.3. The homomorphisms // also have a natural interpretation in terms 
of the moduli space COTcn of genus-zero curves with n marked points. By definition, 
dyio^n is the quotient of the configuration space of the Riemann sphere 

S'2 = C U {00} by the action of PSL(2, C). The map hn : F{C, n) 9Jlo,„+i given 
by hn{zi, . . . , z„) — [(zi, . . . , Zm 00)] induces a homeomorphism 

i^^(C,n)/Aff(C) ^OTo,„+i, 

where Aff(C) = C xi C* is the affine group, and a homotopy equivalence 

K: F(C,n)/C* ^97lo,„+i. 

For 1 < i < 5, let 5i: 9Jto,5 ^ S0^o,4 be defined by forgetting the «-th point. 
Then, in the notation of Remark 13. 1[ for 1 < i < 4, 5^ o /i4 = /i3 o 53 o p/, where 
/ = [4] \ {i}. Up to a linear change of coordinates in F(C, 3), 5^ o — h^^ o q^^ o g. 
(See also Pereira [Per 10 1 Example 3.1].) The maps Si: 5Ho,5 9^0,4, 1 < « < 5, 
are clearly equivalent up to diffeomorphism of the source. Applying Remark 13. H 
this gives an alternate proof of Proposition [321 

For our next result, we require some properties of the cohomology ring of the 
pure braid group. Let A = 0;,>g A'' be a connected, graded-commutative algebra 
over a field k, with dim^^ < 00. Since a ■ a = for each a e A^, multiplication by 
a defines a cochain complex {A.Sa)'- 

^0 A' A^ — ^ A^ 

where Sa{x) — ax. The resonance varieties TZ'^{A) of A are defined by 

TZ''{A) = {ae A^ I H''{A,Sa)^0}. 

If dim^*^ < 00, then Ti'^{A) is an algebraic set in A^. 

In the case where A = H*{M{A); k) is the cohomology ring of the complement of 
a complex hyperplane arrangement, and k has characteristic zero, work of Libgober 
and Yuzvinsky [LYOO] (see also |FY07j ) shows that TZ^{A) is the union of the 
maximal isotropic subspaces of A^ for the quadratic form 

(3.3) fi: A'^ (g) A^ ^ A^, fi(a (g}b) ^ab 

having dimension at least two. Note that, for any field k, any isotropic subspace of 
A^ of dimension at least two is contained in TZ^{A). 

For our purposes, it will suffice to take k = Q. Let A = i/*(P„; Q) be the rational 
cohomology ring of the pure braid group, that is, the cohomology of the complement 
of the braid arrangement in C". By work of Arnold |Arn69j and F. Cohen |Coh76) , 
A is generated by degree one elements a.ij, ^ < i < j <i n, which satisfy (only) the 
relations 

ai,ja%,k - ai,jO,j^k + aj^fcOj,*: for 1 < i < j < A; < n, 
and their consequences. The irreducible components of the first resonance variety 
TZ^{A) may be obtained from work of Cohen and Suciu |CSOO| (see also [PerlOj ). 
and may be described as follows. The rational vector space A^ = i/^(P„;Q) is of 
dimension (2), and has basis {ctjj- \ 1 < i < j < n}. If / = {i,j,k} C [n] with 
i < j < k, let Vi be the subspace of A^ defined by 

Vi = span{ai_j - a-,,*;, aj_fc - aj^k}- 

HI — {i,j, k, 1} C [n] with i < j < /c < Z, let Vj be the subspace of A^ defined by 

Vi = span{ajj + ak,i - aj^k - ai,i,ai,k + aj,i - aj^k - Oi,;}- 
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The 2-diniensional subspaces Vi of A^, where |/| = 3 or |/| = 4, are the irreducible 
components of TZ^{A) Ufe=3 U|/|=fc ^i- 

Remark 3.4. One can check that Vi fj{H'^{F2;Q)), where fr. Pn F2 is 
defined by ^ if |/| = 3 and by ^ if |/| = 4. Work of Schenck and Suciu [S506l 
Lemma 5.3] imphes that for any two components Vi and Vj of TZ^{A), there is an 
isomorphism of A^ — H^{Pn; Q) taking Vi to Vj. This provides an analog, on the 
level of (degree-one) cohomology, of Proposition [321 

Theorem 3.5. Let n > 3 and k > 2, and consider the pure braid group Pn and the 
free group Fk- 

(i) If k>Z, there are no epimorphisms from P„ to Fk- 

(ii) If k = 2, there is a single equivalence class of epimorphisms from Pn to F2. 
Proof. For part if f. Pn ^ Fk is an epimorphism, then / splits, so 

/*: H'iFk;Q)^H\Pn;Q) 

is injective. Consequently, f *{H^{Fk;Q)) is a /c-dimensional isotropic subspace of 
A^ = iJ^(P„;Q) for the form p.3p . Since this subspace is isotropic, it must be 
contained in an irreducible component of 72.^(^4). Since these components are all of 
dimension 2, we cannot have fc > 3. 

For part ([n|, by Proposition l3.2| it suffices to show that an arbitrary epimorphism 
/: Pn — )■ F2 is equivalent to // for some / of cardinality 3 or 4. We will extensively 
use that fact that if [a, b] — 1 in F2, then (a, b) < F2 is free and abelian, so a = 
and b = z"^ for some z £ F2 and m,n E 'Z. Additionally, if the homology class [a] 
of a in Hi{F2] Z) is part of a basis and [a, 6] = 1, then 6 is a power of a. Indeed, 
suppose {[a], [a']} is a basis for Hi{F2;Z). Write [z] = ci[a] + C2[a'] with ci, C2 € Z. 
Then we have [a] — m[z] — mci[a]+mc2[a'], which implies C2 = and to = ci = ±1, 
yielding the assertion. 

Let /: P„ — )■ P2 be an epimorphism. Then f*{H^{F2;Q)) is a 2-dimensional 
isotropic subspace of i/^(P„; Q) for the form (|3.3p . Since the irreducible components 
of Ti^{A) are all of dimension 2, we must have f*{H^{F2\ Q)) = Vi for some / C [n] 
of cardinality 3 or 4. Since the cohomology rings of P„ and P2 are torsion-free, 
passing to integer coefficients, we have f*{H\F2;Z)) = Vj n z(S) c iJi(P„;Z). 
Consequently, there is an automorphism ip* of H^{F2;'Z) so that /* = fj o (p*. 
Passing to homology (again using torsion- freeness), we have f^ — tp^, o (//)*, where 
(/?* S Aut(i?i(P2; Z)) is dual to ip*. Let (p G Aut(P2) be an automorphism which 
induces (p^. 

From the definitions p.ip and p.2p of the epimorphisms //, there exists {i,j,k} 
with l<i<j<k<n, fi{Aij) — x, and fi{Ai,k) — y, where P2 = {x,y). Let 
u = f{Ai,j) and v = f{Ai^k)- Using the equation = o (//)*, we have 

[u] ^ [/(A,,)] = /,([A,,]) = MifiiA^,)] = MM) = Mx)], 

and similarly [v] = [</?(?/)]. Thus {[u], [v]} is a basis for Hi{F2]Z). 

Let w = /(Aj.fe). Using the pure braid relations (|2.1I) . we have AijAi^kAj,k — 
Ai^uAj,kAi,.j = Aj^kAijA,,k- Applying /, these imply that [uv, w] = 1 and [u, vw] = 
1 in P2. Since {[u], [u] + [v]} is a basis for Hi{F2;Z), these imply that w = (mw)™ 
and vw = m" for some to, n G Z. A calculation with homology classes reveals that 
m ~ n ~ —1. Hence w = v^^u^^, i.e., uvw — 1. 
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Suppose that f{Ar.s) = 1 for all {r,s} <f. fc}. Then the image of / is 
contained in the subgroup of F2. Since / is by hypothesis an epimorphism, 

we have = -Pj- Letting A be the automorphism of Fi taking u to x and v to 

we have Ao / = 

Now suppose that /(A^.s) 7^ 1 for some {r, s} <f. fc}. First assume that 
{r, s} n {i, j, fc} = 0. We claim that /(A^.s) = 1- There are various cases depending 
on the relative positions of r < s and i < j < k. We consider the case i < r < 
j < k < s and leave the remaining analogous cases to the reader. In this instance, 
we have relations [Aj,fe,^r,s] = 1 and A^ ,.A^ .j = [A^ ,.,Aj g\A^ ,.[A^ ,,,Aj ,^]''^. 
The second of these, together with the pure braid relations (12.11) may be used 
to show that [Ai^j, A~lA^ ,.Aj ,^] — 1. Applying /, we have [w, f[Ar,s)] ~ 1 and 
[u, f{Ar.s)z\ = 1 in i^2, where z = f{Aj,s). Since any two element subset of 
{[u], [u], [wW forms a basis for Hi{F2;'Z), these relations imply that f{Ar^s) — 
and f{Ar.s)z — u" for some m,n e Z. Consequently, m[w] — n[u] in _ffi(_F'2;Z), 
which forces m = n = and f{Ar,s) — 1- 

Thus, we must have /(^r,s) 7^ 1 for some {r,s} with s} n {i,j,k}\ — 1. As 
above, there are several cases, and we consider a representative one, leaving the 
other, similar, cases to the reader. 

Assume that r = A:, so that i < j < k < s, and that f{Ak.s) 7^ 1- Applying / to 
the pure braid relations [Aij,Ak,s] = 1, [Aj^k,Ai^s] = 1, and [A^^,., A~].Aj ,.Af^ J ^ 
1 yields [uJ{Ak,s)] = 1, [wJiA,s)] - 1, and [«, /(^-^ A^- J]' = 'l in F2. 
It follows that f{Ak,s) = u", f{A^.s) = u;", and f{Aj,s') = u^w'm"™ for some 
m,n,l € Z. Since f{Ak^s) 7^ 1, we have to 7^ 0. Then, applying / to the pure braid 
relations [Ai^k, Ai^sAk,s] = 1 and [Aj^k, Aj^gAk.s] — 1, we obtain [v,w"u™] = 1 and 
[w,u"^v''] = 1 in F2. Thus, w"'u'^ — and = w'^ for some p,q G Z. Passing 

to homology, using the fact that [u] + [v] + [w] = in Hi {F2 ; Z) since uvw = 1 in 
F2, reveals that m — n = I. 

In Pn, we also have the relation [Aj,s, Ak^sAj,k] — 1- Applying / we obtain the 
relation [u"^v™u~"^ ,u"^'w] = 1 in i^2- Hence, — z^ and u^w = z'^ for 

some z Cz F2 and p, g G Z. Writing [z] = ci[u\ + C2[u], we have 

m[v] = pci[u] + pc2[v] and (m — l)[u] — [v] — qci[u] + qc2[v] 

in Hi{F2; Z). It follows that m ~ n = I ^ 1, and therefore f{Ai^s) = w = v~^u~^, 
f{Aj,s) — uvu^^ , and f{Ak.s) = u. Thus the image of / is contained in the 
subgroup {u,v) of F2. As before, {u,v) — F2 since / is an epimorphism. Recalling 
that A is the automorphism of F2 taking u to a; and v to y, we have A o / = 

/{ij.fc.s}- □ 

The proof of Theorem 13. Sf a) actually yields the following more general result. 

Theorem 3.6. Let G be a finitely generated group, and k an algebraically closed 
field. Then there are no epimorphisms from G to Fk for k > dim7?.^(iJ*(G, k)). 

Recall that the corank of a group G is the largest natural number k for which 
the free group Fk is an epimorphic image of G. The corank of P2 = Z is 1. For 
larger n, as an immediate consequence of Theorem 13.51 we obtain the following. 

Corollary 3.7. For n > 3, the corank of the pure braid group Pn is equal to 2. 

Theorem 13.61 vields a more general result. 
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Corollary 3.8. Let G be a finitely generated group and k an algebraically closed 
field. Then the corank of G is bounded above by dim 7?.^ (if* (G, k)). 

In fact, results of Dimca, Papadiina, and Suciu |DPS09) imply that the corank of 
G is equal to dim 7?.^ (if* (G, C)) for a wide class of quasi-Kahler groups, including 
fundamental groups of complex projective hypersurface complements. 



4. Pure braid groups are not residually free 

Recall that a group G is residually free if for every a; 7^ 1 in G, there is a 
homomorphism / from G to a free group F so that f{x) ^ 1 in F. In this section, 
we show that P„ is not residually free for n > 4, and derive some consequences. 
Since P2 = Z and P3 = Z x F2, these groups are residually free. 

For each I C [n] of cardinality 3 or 4, let Kj = ker(// ; P„ — J- F2). Define 

k=3 \I\=k 

Proposition 4.1. The subgroup Kn of Pn is characteristic. 

Proof. It suffices to show that if /3 is one of the generators of Aut(P„) listed in 
then p{Kn) = Kn. 

If /3 = -0 or /3 = (pp^q is a transvection, then for each I, fi o (3 — fj since 
fi{Zn) — 1, where Z„ is the generator of the center Z{Pn) oi Pn recorded in (|2.3|) . 
It follows that P{Kj) = Kj for each i, which implies that P{Kn) — Kn. 

If /3 = ^, then for each I, it is readily checked that // o ^ — A o //, where 
A e Aut(F2) is defined by A(a;) = x^^ and A(y) = xy^^x^^. Thus, ^{Ki) = Ki, 
and £,{Kn) = Kn. 

li l3 — /3k for 1 < k < n ~ 1, let Tk denote the permutation induced by /3fc . Let 
/ = {ii, . . . ,ii} where / = 3 or 4, and let Tfc(i) denote the set {Tk{ii), . . . , Tk{ii)} 
with the elements in increasing order. Define automorphisms Ai, A2 G Aut(f2) by 

I X I— X, I .T i~> xyx^^, 

Ai: < and A2 : < 

[y^x ^y \ [y ^ X, 

and set A3 = Ai. Then, calculations with the definitions of the automorphism 
and the epimorphisms fi : Pn ^ F2 (see (|2.7p . (13. ip . and p.2p ') reveal that 



fio(3k 




1, 



Note that, in the first case above, Tk{I) — I and j < I. Thus, Kj = l3k{K^^(^j'^) 
for each /, and /3fe permutes the subgroups Kj of P„ (for |i| = 3 and |i| =4 
respectively). It follows that (3k{Kn) — Kn. 

Finally, ii j3 — f3n, calculations with ()2.7|) . p.l|) . and p.2|) ) reveal that 



' fiu{n} if 1-^1 = 3 and n ^ i, 

-^1 ° // if l-^l = 3 and n E I, 

fi if |i| = 4 and n ^ /, 

if |i| = 4 and n e i. 
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Figure 4.1. The braid [[^1,2,^2,3], [^2,3,^3,4]] in P4- 



Thus, f5n{Ki) = Kj if either |/| = 3 and n e / or |/| = 4 and n <^ I, while 
f3n{Kj) — if/ufn} a-iid /3n(^/u{n}) = Kj if |/| ~ 3 and n ^ I. It foUows that 
(3n{Kn) = Kn, and char P„. □ 

Theorem 4.2. For rt > 4, t/ie pwre braid group P„ zs nof residually free. 

Proof. Let / : P„ — >■ Pfe be a surjective homomorphism from the pure braid group 
to a nonabehan free group. We claim that Kn is contained in the kernel of /. By 
Theorem 13.51 k ~ 2 and / ^ /[3]. Thus there are automorphisms a E Aut(P„) and 
A G Aut(P2) so that X o f — /[gj o a. Let x S if„. Then Q;(a:) G i4r„ since Kn is 
characteristic in P„ by Proposition 14.11 Since Kn C if [3] = ker(/[3]) by definition, 
we have a{x) € ker(/[3]). Hence, A o /(x) = /[3] o a(a;) = 1, and x € ker(/). 

To complete the proof, it suffices to exhibit a nontrivial element of Kn that 
is in the kernel of every homomorphism g: Pn — >■ Z from the pure braid group 
to an abelian free group. This is straightforward since is it easy to see that the 
intersection Kn H [P„, P„] of Kn with the commutator subgroup of P„ is nontrivial. 
For instance, a calculation reveals that x — [[Ai^2, ^2,3], [^2,3, ^3,4]] € -fr„n[P„, P„]. 
The pure braid x is nontrivial (one can check that the braids [^i, 2, ^2,3] [^2,3, ^3,4] 
and 3, A3. 4] [^1^2, ^2.3] are distinguished by the Artin representation). Thus 
a; 7^ 1 is in the kernel of every homomorphism from P„ to a free group, and P„ is 
not residually free. □ 

Remark 4.3. When viewed as an element of the 4-strand pure braid group, the 
braid [[^1,2, ^2, 3], [^2,3, ^3,4]] G P4 is an example of a Brunnian braid. The deletion 
of any strand trivializes the braid, see Figure |4T1 (Compare [CFRlOl §3].) 

Remark 4.4. I. Marin showed us an argument he credited to L. Paris, showing 
the P5 is not residually free, implying P„ is not residually free for n > 5. Paris' 
argument uses the solution of the Tits conjecture for Br, due to Droms, Lewin, and 
Servatius (DLS90j (see also Colhns |Col94j ) to produce a subgroup of P5 isomorphic 
to the free product Z * (Z x P2), as explained in [MarlH Proposition 1.1]. This 
latter group is not residually free, see [Bau67|, Theorems 6 and 3]. 

Let S be an orientable surface, possibly with punctures. Let E^^ = E x ■ ■ ■ x S 
denote the n-fold Cartesian product. The pure braid group P„(X') of the surface 
E is the fundamental group of the configuration space 

F{E, n) =. {(xi, . . . , a;„) e i:^" I ^ x, if z ^ j}. 

of n distinct ordered points in E. 

Corollary 4.5. For n > A, the pure braid group Pn{E) is not residually free. 

Proof. U E S^, the pure braid group P4 embeds in Pn{E), see Paris and Rolfsen 
[PR^ . If r = 52, then P4 < P„(S'2) for n > 5, and P^S^) ^ Pi/Z{Pi) (see, for 
instance, [Bir75j ) . So the result follows from Theorem 14.21 □ 
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Remark 4.6. The fundamental group of the orbit space F(Z',n)/I]„, where I]„ 
denotes the symmetric group, is the (full) braid group Bn{S) of the surface S. 
Recall from the Introduction that is not residually free, and that the only two- 
generator residually free groups are Z, 7?, and F2. U S and n > 3, then 
Bn{S) has a B3 subgroup, so is not residually free, li S — S^, then B3 < Bn{S^) 
for n > 4, and B^iS'^) = Bj/Z^Bs). So B„(S'2) is not residually free for n > 3. 

A complex hyperplane arrangement A — {Hi, . . . , Hm} is a finite collection of 
codimension one subspaces of C". Fix coordinates (zi,...,z„) on C", and for 
1 < i < m, let ii{zi, . . . , z„) be a linear form with ker(£i) = Hi. The product Q = 
Q{A) — YViLi ^ defining polynomial for A. The group G{A) of the arrangement 
is the fundamental group of the complement M{A) — C" \ lJl!li — C" \ (0). 

The arrangement Ar^i.n with defining polynomial 

Q = Q{Ar,l,n) ^ Zi---Zn J]^ « - zj) 

l<2<j<n 

is known as the full monomial arrangement (it is the reflection arrangement corre- 
sponding to the full monomial group G(r, l,n)). Note that the arrangement A2^i,n 
is the Coxeter arrangement of type Bn- The complement M{Ar,i,n) of the full 
monomial arrangement may be realized as the orbit configuration space 

Fr{<C\n) = {(xi, . . . , a;„) e (C*)^" | T • n T • rr^ = if z 7^ j} 

of ordered n-tuples of points in C* which lie in distinct orbits of the free action of 
r = Zr on C* by multiplication by the primitive r-th root of unity exp(27rV— l/?")- 
Call the fundamental group P(r, l,n) — G(^Ar.\.,n) the pure monomial braid 
group. For n — 1, P{r, 1, 1) = Z, and for n ~ 2, it is well known that P{r, 1, 2) = 
Z X Fr+i- Hence, P{r, l,n) is residually free for n <2. 

Corollary 4.7. For n > 3, the pure monomial braid group P{r, is not resid- 
ually free. 

Proof. For n > 3, it follows from |Coh01| that the pure braid group P4 embeds in 
P(r, l,n). So the result follows from Theorem 14.21 □ 

Remark 4.8. The fundamental group of the orbit space M{Ar,i.n) / G{r,l,n) is 
the (full) monomial braid group B{r, l,n). This group admits a presentation with 
generators poi Pi, ■ ■ ■ , Pn-i and relations 

[PoPif = {PiPof, PiPi+iPi = Pt+iPiPi+i (1 < i < n), p^pj ^ pjpi {\j -i\> 1). 

Observe that B{r,l, n) is independent of r, and is the Artin group of type Bn. For 
rt > 3, the group B{r, 1, n) has a B^ subgroup, so is not residually free. The group 
B{r,l, 2) is not residually free, since it is a two- generator group which is not free 
or free abelian. 

Let 7^ be a Coxeter graph, with associated Artin group A and pure Artin group 
P. We say that F contains an Ak subgraph if it contains a path of length k with 
unlabelled edges as a vertex-induced subgraph. 

Corollary 4.9. If F contains an A^ subgraph, then the associated pure Artin group 
P is not residually free. 

Proof. If F contains an A^ subgraph, it follows from van der Lek [Lek83j (see also 
[Par97| ) that P has a P4 subgroup. So the result follows from Theorem 14.21 □ 
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Note that this inchides the pure Artin groups associated to all irreducible Artin 
groups of finite type and rank at least 3, except types H3 and F^. 

Remark 4.10. If F contains an A2 subgraph, then the (full) Artin group A has a 
B2, subgroup, so is not residually free. This includes all irreducible Artin groups of 
finite type and rank at least 2, except type l2{m). 
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